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Abstract 

In this paper we consider M = B x f F warped product gradient Ricci solitons. 

We show that when the Hessian matrix of / is not zero then the potential function 
depends only on the base and the fiber F is necessarily Einstein manifold. Moreover, 
we provide all such solutions in the case of steady gradient Ricci solitons when the 
base is conformal to an n-dimensional pseudo-Euclidean space, invariant under the 
action of an (n — l)-dimensional translation group, and the fiber F is Ricci-flat. 
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1 Introduction and main statements 

Let (M, g) be a semi-Riemannian manifold of dimension n > 3. We say that (M, g) is a 
gradient Ricci soliton if there exists a differentiable function h : M —> M (called the 
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potential function) such that 


Ric 9 + Hess 9 (h) = pg, p 6 R, 

where Ric s is the Ricci tensor, Hess 9 (h) is the Hessian of h with respect to the metric g, 
and p is a real number. A gradient Ricci soliton is said to be shrinking, steady or expanding 
ifp>0,p = 0orp<0, respectively. When M is a Riemannian manifold usually one 
requires the manifold to be complete. In the case of semi-Riemannian manifold, one does 
not require (M, g) to be complete. 

Ricci solitons are natural extensions of Einstein manifolds and they appear as self¬ 
similar solutions of the Ricci flow dg{t)/dt = —2Ricp(t). Moreover, Ricci solitons are 
important in understanding singularities of the Ricci flow. 

Simple examples of gradient Ricci solitons are obtained by considering R n with the 
canonical metric g. Then (M n ,p) is a gradient Ricci soliton, where h[x) = A|x| 2 /2 + 
g(x, B) + C , A, C G R and Bel" are all the potential functions. In this case, (R n , g) is 
a shrinking, steady or expanding soliton according to the sign of the constant A. Bryant j2] 
proved that there exists a complete, steady, gradient Ricci soliton spherically symmetric 
for any n > 3, which is known as Bryant’s soliton. 

Recently, Cao and Chen ms showed that any complete, steady, gradient Ricci soliton, 
locally conformally flat, up to homothety, is either isometric to the Bryant’s soliton or is 
flat. Complete, shrinking gradient solitons, conformally flat, have been characterized as 
being quotients of IRC, S'" or 1 x S n ~ l (see [TU] 1. 

Although the Ricci soliton equation was introduced and studied initially in the Rie¬ 
mannian context, Lorentzian Ricci solitons have been recently investigated in a. a and 
[TB], where the authors show that there are important differences with the Riemannian 
case. The existence of Lorentzian, steady, gradient Ricci solitons which are locally con¬ 
formally flat and distinct from Bryant’s solitons, was proved in [2|. In [5), the authors 
gave a local characterization of the Lorentzian gradient Ricci solitons which are locally 
conformally flat. 

In [I], Barbosa-Pina-Tenenblat, considered gradient Ricci solitons, conformal to an 
n-dimensional pseudo-Euclidean space, which are invariant under the action of an (n —1)- 
dimensional translation group. The one provided all such solutions in the case of steady 
gradient Ricci solitons. 

Our purpose is to generalize the results in [I], To get these generalizations, we have 
to use warped product manifolds to study gradient Ricci solitons that are non locally 
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conformally flat. Then considering (. B,gs ) and (. F,gp ) semi-Riemannian manifolds, and 
let /> 0 be a smooth function on B , the warped product M = B x f F is the product 
manifold B x F furnished with metric tensor 

g = 9 b + f 2 9F, 

B is called the base of M = B x f F, F the fiber and / is the warping function. For 
example, polar coordinates determine a warped product in the case of constant curvature 
spaces, the case corresponds to M + x r S'” -1 . 

There are several studies correlating warped product manifolds and locally conformally 
flat manifolds, see 0, [3 and their references. 

Many of the original examples of gradient Ricci solitons arise as warped products over 
a one dimensional base (cf. JTI|, [Hf]). 

In this paper, initially we prove that if a warped product M = B x f F is a gradient 
Ricci soliton with the hypothesis that there is at least one pair of vector (Aj, A*.) of the 
base, such that Hess fffl (/)(Aj, X k ) ^ 0 then the potential function depends only on the 
base and the fiber is necessarily an Einstein manifold (see Theorem 1.1 and Corollary 
1.1). The Theorem 1.1 and Corollary 1.1 generalize the results obtained in [7] where the 
authors studied warped product gradient Ricci solitons with one-dimensional base. 

In what follows, we consider warped product M = B Xf F gradient Ricci solitons, 
where the base is conformal to a pseudo-Euclidean space which are invariant under the 
action of an (n — l)-dimensional translation group and the fiber is an Einstein manifold. 
More precisely, let (M ra ,g) be the pseudo-Euclidean space, n > 3, with coordinates x = 
(xi, ■ ■ ■ ,x n ) and = 8 l] e l and let M = (M n ,g) Xf F m be a warped product where 
g = —g , F a semi-Riemannian Einstein manifold with constant Ricci curvature \p, 
m > 1, /, (f, h : M n —> M, smooth functions, and / is a positive function. In Theorem 1.2 
we find necessary and sufficient conditions for the warped product metric g = g + f 2 gF 
be a gradient Ricci soliton, namely 

RiCg + Hess g(h) = pg , p G K. (1) 

In Theorem 1.3, we consider /, ip and h invariant under the action of an (n-1)- 
dimensional translation group and let £ = YJi=i otiXi , a* 6 R, be a basic invariant for 
an (n — l)-dimensional translation group. We want to obtain differentiable functions 
</?(£),/(£) and h(£), such that the metric g is a gradient Ricci soliton. We first obtain 
necessary and sufficient conditions on /(£), <^(£) and h(£) for the existence of g. We show 
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that these conditions are different depending on the direction a = J27=i cad/dxi being null 
(lightlike) or not. We observe that in the null case the metrics g and gp are necessarily 
gradient Ricci solitons steady and Ricci-flat, respectively. 

Considering M = ( W l ,g ) Xf F m and F Ricci-flat manifold, we obtain all the metrics 
g = g + f 2 gF, which are gradient Ricci solitons steady and are invariant under the action 
of an (n — l)-dimensional translation group. We prove that if the direction a is timelike 
or spacclike, the functions /, p and h depend on the dimensions n, m and also on a finite 
number of parameters. In fact, the solutions are explicitly given in Theorems 1.4, 1.5 and 
1.6. If the direction a is null, then there are infinitely many solutions. In fact, in this case, 
for any given positive differentiable functions /(£) and p(f), the function h(£) satisfies a 
linear ordinary differential equation of second order (see Theorem 1.7). We illustrate this 
fact with some explicit examples. 

When the dimension of the fiber F is m — 1 we consider M = (M n ,g) x/ M and in 
this case = 0. 

In what follows, we state our main results. We denote by p, XiXj , f,x iXj and h jXiXj the 
second order derivative of p, f and h, with respect to x t Xj. 

Theorem 1.1 Let M = B n Xf F m be a warped product semi-Riemannian manifold with 
metric g. If the warped product g = gp + PgF is a gradient Ricci soliton with h : M —» M 
as potential function, and there is at least one pair of vector (X,, X k ) of the base, such 
that Hess gB (f)(Xi, X k ) ^ 0, then h depends only on the base. 

Corollary 1.1 Let M — B Xf F be a warped product semi-Riemannian manifold with 
metric g. If the warped product metric g = gp + PgF is a gradient Ricci soliton with 
h : B —»• M as potential function, and f is non-constant, then the fiber is an Einstein 
manifold. 

The results obtained in Theorem 1.1 and Corollary 1.1 are valid in the Riemannian case. 
Motivated by the previous results we study the problem considering warped product with 
h depending only on the base and the fiber an Einstein manifold. 

Theorem 1.2 Let ( M. n ,g ) be a pseudo-Euclidean space, n > 3 with coordinates x = 

(xi, • • • ,x n ) and gij = 5ij£i. Consider M = (M n ,^) Xf F m a warped product, where 

1 

g = — g, F a semi-Riemannian Einstein manifold with constant Ricci curvature Xf, 

p 2 

m > 1, /, (p, h : R n —> M, smooth functions and f is a positive function. Then the warped 
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product metric g = g + f 2 gF is a gradient Ricci soliton with h as potential function if, 
and only if, the functions f, p and h satisfy: 


(n-2)fp !XiXj +fph >XiXj *~mpf >XiXj -mp >Xi f tXj -mp !Xj f tXi + fp >Xi h >X:j +fp >Xj h >Xi = 0, (2) 


where 1 < i ^ j < n, 


<P 


(n ~ 2 )f<p, XiXi + fph, XiXi - mpf, XiXi - 2 mp tX J, Xi + 2fp, Xi h, x 


+ 


£ i Y £ k [fw,x k x k -{n- 1 )f<P% h + m W, Xk f, Xk - f<P<P,x k h, Xk \ = £ipf , 1 <i<n 
k =1 


(3) 


and 


Y £ k[ - fv 2 f,x k Xk + (■n - 2 )fpf, Xk p, Xk - (m - 1 W 2 f 2 Xk + fv 2 f,x k h, Xk \ = pf ~ A F . (4) 

k =1 


We want to find solutions of the system (J2D, © and © of the form p(£), /(£) and 
h(f), where f = J27=i a i x i: a i *= Whenever £” =1 £ i a i ¥" 0; without loss of generality, 
we may consider £” =1 £iOt 2 = ±1. The following theorem provides the system of ordinary 
differential equations that must be satisfied by such solutions. 


Theorem 1.3. Let (W l ,g) be a pseudo-Euclidean space, n > 3, with coordinates x = 
(xi, • • • ,x n ) and gij = 5„-cy. Consider M = (M n ,g) x r F m , where g = —rg, F m a semi- 

Lp 2, 

Riemannian Einstein manifold with constant Ricci curvature \p and smooth functions 
p(£), /(£) an d h{€)> where f = £™ =1 a i x h e , and £™ = i £ioif = £i 0 or £”=1 £iOtf = 0. 
Then the warped product metric g = ~g + f 2 g F is a gradient Ricci soliton with h as potential 
function if, and only if, the functions f, p and h satisfy: 


(i) 


(n — 2 )fp" + fph" — nupf" — 2 rrup'f + 2 fp'h! = 0, 

n 

Y £ k a l \fw" - (n - 1 )fp' 2 + mpp'f - fpp'h'] = pf 


k =1 
n 


(5) 


- fT 2 f" + (n ~ 2)Mf ~(m- 1 )p 2 f ' 2 + fp 2 f'h' = pf 2 - X F , 


k =1 


n 

whenever ’^ j £ i a 2 = £ io , 
2—1 
(a) 


and 


(n — 2) fp" + fph" — mpf■ — 2 mp'f + 2 ftp'b! = 0, and p = X F = 0, (6) 
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n 

whenever '^2,£ i o? = 0. 

2—1 

In the following two results we provide all the solutions of (J2]) when g is steady gradient 
Ricci solitons, i.e., p = 0, and F m is a Ricci-flat manifold, i.e., A p = 0. 


Theorem 1.4. Let (M n , g) be a pseudo-Euclidean space, n > 3, with coordinates x = 
(# 1 , • • • ,x n ) and gij = <5^. Consider smooth functions tp(£), /(£) and h(£), where 

i = E"=i ®i%i, e K, E"=i = £i 0 , given by 


<P±(0 = 


/±(0 = 


c 2 


(N±£ + b) N± 


Cl 

(N±£ + b)*Z 


(7) 


M?) = 2)* + ^ ht(J y ;t{ + t) 

-/V+ 


where k, ci, c 2 ,iV± and b are constant with k, c±, c 2 > 0 and N± = —k ± ^/m + k 2 (n — 1). 
T/ien t/je warped product M = (M. n ,g) x f F m , with g = -^g and F Ricci-flat, is a steady 
gradient Ricci soliton with h as potential function. These solutions are defined on the half 


space determined by E?=i a i x i < 


or E?=. ajXj > 


— k+y/m+k 2 (n— 1) * ^ * —k—yf m+fc 2 (n—1) 

Theorem 1.5 Let (M n ,g) 6e a pseudo-Euclidean space, n > 3, with coordinates x = 
(x\, ■ ■ ■ ,x n ) and g tJ = SijEi. Consider smooth functions x(f), and z(£), where f = 
Yfl=iOiiXi, on e M, YH=iCiofl = ±1, given by 


x = c 3 (z + k — \Jm + k 2 {n — 1)) (z + k + \jm + k 2 (n — 1) 


a-|-l 

2 


a+1 

2 


- a — 7 
2 


( 8 ) 


z' = —c 3 + fc — y m + tc 2 (n — 1)J [z + k + \jm + k 2 (n — 1)) (9) 

k 

where a, k , c 3 are constants with, k, c 3 > 0 and a = 


hm + k 2 (n — 1) 

Let </?(£), /(£) and h(£) be functions obtained by integrating, 

-«) = *L«), =*(?)• A '«)=[ z ©+“-M>»-2)WO- (10) 

V f f 

Then the warped product M = (M n ,g) xy with g = kCg and F Ricci-flat, is a steady 
gradient Ricci soliton with h as potential function. 

We remark that the obtained metric, in the Theorems 1.4 and 1.5, are non locally 
conformally flat. 
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Theorem 1.6 Let (M. n ,g) be a pseudo-Euclidean space, n > 3, with coordinates x = 
(a?i, - - • ,x n ) and gij = S t j£i. Consider M = (M n ,g) Xf F m a warped product where 
g = — g. Let g = ~g + f 2 gp . be a steady gradient Ricci soliton with h as potential function 
and F Ricci-flat. Then ip, f and h are invariant under an (n-1)-dimensional translation 
group whose basic invariant is £ = Yff= 1 otiXi, where a = Y2= 1 cx-id/dxi is a non null vector 
if, and only if, ip, f and h are given as in Theorems 1.4 or 1.5. 

The following theorem shows that there are infinitely many warped products M = 
(M n ,< 7 ) Xf F m steady gradient Ricci solitons with h as potential function, which are 
invariant under the action of an (n — 1)-dimensional group acting on R n , when a = 
YAi=\ a t d/d Xi is null vector. 

Theorem 1.7 Let ip(f) and /(£) be any positive differentiable functions, where f = 
Yffi=\OLiXi and = 0. Then the function h(f) given by 

f 

f 

satisfies (0|) and M = (M n ,g) Xf F m is a steady gradient Ricci soliton with h as 
potential function. 

Before proving our main results, we present two examples illustrating Theorem 1.7. 
Let /(£) = <p{(f) = ke A ^, where k > 0, A 0, £ = Yff=\ °i x i and — 0- Solving 

(HU) we get 

KO = (3m - (n - 2))^f - + C C c 4 , c 5 G M. 

It follows from Theorem 1.7 that M = (R n ,g) x f F m is a steady gradient Ricci soliton, 
with h as potential function. Similarly, if we choose /(£) = e - ^ and <p(£) = e^, then it 
follows from Theorem 1.7 that 

h(0 = - 2 mp +(m- € ~ \ C4er ^ + ° 5 ’ ° 4 ’ ° 5 E 

is the potential function of the steady gradient Ricci soliton g = g + f 2 gF- 

2 Proofs of the Main Results 

Proof of Theorem ll.lt 

Let M = B xf F be a gradient Ricci soliton with potential h, then 

Ric- g + Hess g(h) = pg, p G R. 


(n — 2 )(pcp")d£ + C 4 


d£ + c 5 ; c 4 , c 5 G M (11) 


M0 = 



J (m^—ip 2 + 2 rrupip' 


f 
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Considering Ad,... X n G £(£>) Id ..., Y m G £(F), where £(£>) and £(F) are respectively 
the lift of a vector held on B and F to B x F, we have 

' Ric~(Xi, Xj) = Ric 9B (Xi, Xj) - JHess gB f{Xi, Xj), V i, j = 1,... n 
< Ric~(Xi , Id) = 0, V i = 1,... n, j = 1,... m 

Ric~(Yi, Yj) = Ric gp {Yi, Yj) - g(Y h Yj) + (m - 1)2^1) , V i, j = 1,... m 

How g(Xi, Yj) — 0 for i — 1 ... n and j — 1 ... m (see [15] ). we have that 

Heas- g (h){X i ,Y j ) = 0. (13) 


Note that 


Hess 5 (h)(Xi, Yj) = X^h) - (V x Yj)(h),i = 1... n, j = 1... m, 
where V is the connection of M. Since (see ns). 

v.y.v = Xp - y , 


we have 


ResSg(h)(X i , Yj) = h, XiVj ~^yK Vi . 


(14) 


Using (114)1 and (113)1 we obtain: 


^ f IXi i _ _ ^ 

n ixiyj ~ U ’ 


(15) 


If h = h{x i,... ,x n ) then the equation (fT3H is trivially satisfied. Suppose that there is at 
least one ijj , with 1 < j < m such that h, yj ^ 0. In this case, it follows from (113)1 that 


iVj 


f IXi 

Kj f 


, V i — 1... n, j — 1... m. 


(16) 


integrating (H311 in relation to Xjwe obtain: 


In h, y . = In / + /(£;) 


this is, 


h m = 


( 17 ) 


Fixing i and j in ( 11711 and deriving in relation to with k ^ i, we obtain 


h — f p l ( £ i) I f] p l ( £ i ) 

"'ilHXk j ix k c V J hx k c 


which is equivalent to 











and again using (flfil) we have: 


h Vj f + 

lx k — 0, 

This means that l does not depend x k , this is 

l = l(Xi,X k ). 

Repeating this process we obtain that l depends only on the fiber, i.e. 

^ = i • • • j 2/m)j 


therefore, 

h Vj = with 1 < j < m. (18) 

Integrating (fTH]i in relation to y 3 , we obtain: 

h(x i,..., x n - 2/1 ... y m ) = /(^i, ■ ■ ■, x n ) J e l(vi ' -' ym) dyj + m (#,-)■ (19) 

Using the first equation flT21) . we have, 

777 / 

HesSg(/r)(Xj, X k ) = pg B ( Ah, X fc ) - Ric 9B (Xi, X k ) + — Hess gB f(Xi, X k ), Vi, A: = 1,... n, 

proving that Ress g (h)(X ij X k ), Vi, k — 1,.. .n, depends only on the base. Thus, consid¬ 
ering j fixed in equation (|19l) we have: 

-^-Hess g(h)(X i7 X k ) = 0, V i, k = 1,.. .n. (20) 

On the other hand Vz, k = 1,... n we have 

^-Hess § (/r)(X i ,X fc ) = (Hess § (/)pQ, X k ) J + Hess^m)^, X,)) 

Since m = m(yj), and using the definition of the Hessian get that 

-^-Hess§(m)(Xj, X k ) = 0, V i, k = (21) 

C'Uj 

and as Hess g (f)(Xi, X k ) = Hess 9fl (/)(Aj, X k ) follow that 


^-Hess - g (h)(Xi,X k ) = Hess gB (f)(X u X k )e 1 ^-^y i, k — l,...n. (22) 

°yj 
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Using flUD and (122j) we obtain that: 


Hess gB (f)(X i: X k )e l ^-’ y ^ = 0, V i, k = 1,... n, 

We have for hypothesis that there is at least one pair of vector (JQ, X k ) of the base, 
such that Hess 9B (f)(X i , X k ) ^ 0 then 


e Kvi ,—,ym) — g 

but this is impossible. Therefore h Wj =0 V j — 1... m. Consequently h 
depends only on the base. 

This concludes the proof of the Theorem 11.11 

□ 


Proof of Corollary 1.1 Let M — B x f F be a gradient Ricci soliton with potential h 
defined only on the base, then by the equation ([TD we have, 

RiCg + Hess g(h) = pg , p G R. 

Considering Y, Z 6 £(F), we have that 

Ric § (Y, Z) + Hess§(/r)(Y, Z) = p~g(Y , Z), (23) 


but, 

~g(Y,Z) = fg F (Y,Z) 

and 

Ric§(Y, Z) = Ric 9F (Y, Z) - (fA 9B f + (m - l)||^rad 9s /|| 2 )^(Y, Z) 

(see for example El)- Replacing Ric 9 (Y Z ) in (123]) . we have 

Ric 9F (Y, Z) = (/ 2 + fA 9B f + (m - l)\\grad gB f\\ 2 )g F (Y, Z) - Hess 9 (h)(Y, Z). (24) 

It follows from (I2T|) that F is Einstein if, and only if, 

Hess 9 (h)(Y, Z) — \g F (Y, Z). 

Indeed, as by hypotheses h depends only on the base, thus gradgh = grad 9B h , then 


'H(gradgh) = grad 9B h, 


V (gradgh) = 0 
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V Y(gradgh) = 


grad gB h(f) 

f 


Y. 


Therefore 


Hess § (h)(Y, Z ) = 9rad ^ f ) g( Y , Z ) = fgrad gB h(f)g F (Y, Z). (25) 


This concludes the proof Corollary 1.1. 


□ 


Proof of Theorem |1.21 Assume initially that m > 1. It follows from ng that if 
Xi,X 2 , ..., X n G £(M”) and Y \, Y 2 ,..., Y m G £(F) (£(R n ) and £(F) are respectively the 
lift of a vector held on R” and F to R™ x F ), then 

Ric~(Xi, Xj) = Ric-g(Xi , X,) - jHess-gf(X h Xj), Vi, j = 1,... n 
< Ric~(Xi, Yj ) = 0, V i = 1,... n, j = 1,... m (26) 

, = ffic 9F (y),F i )-^,T J )(^ + (m-l)S^^), Vi, j = l,...m 

It is well known (see, e.g., 0 ) that if g — -^g , then 

Ric 9 = ~2 {( n “ 2 )(pHess g (ip) + [<^A g ip - (n - l)|V 9 ^| 2 ]fif} . 

Since g(Xi,Xj) = £iSij, we have 


RiCg(Xi, Xj) = ~{{n~ 2)Hess g ((p)(X h Xj)} Vi ^ j = 1,... n 

RiCg(Xi,Xi ) = j(n - 2)<pHesSg(<p)(Xi,Xi) + [(pA g (p - (n - 1)| V g </?| 2 ]£i} V i = 1, ... 77,. 

n n 

Since Hess g (<f)(X h Xj) = <p tXiXj , A g ip = J2 £ ^,x k x k and |V 9 <^| 2 = we have 

k =1 k =1 

(n — 2 )(p XiX j . . 

— V « f J : 1 • • • n 

n 

(27) 


RiCg(Xi, Xj) 


£ 


(A,*. X^) 
Recall that 


(n 2)(p^ x . x . + £j £k^P ,XkXk n 2 

-in- (n _ i )e . £ 

V fcl 7> 2 


He SSl um,xj) = s,„, - Edu., 


where T- are the Christoffcl symbols of the metric g. For i, j, k distinct, we have 

















therefore, 


Hess-g{f){X il Xj) = f, XiXj + V*/j = l...n 

n 

Hessj{f)(Xi, X t ) = f, XiXi + 2 r^f >Xi - £i J2 £ iP^f,x k 

<P k =i <P 


Substituting (1271) and (125j) in the first equation of the (1251) we obtain 

(n - 2 )ip, XiXj m 


Ric~(X h Xj ) = 


<P 


f 


f I f I r 

J ,XiXn i J ,Xi “r J x-j 
(p (f 


(28) 


, V i t j (29) 


and 


Ric~(Xi, Xi) 


On the other hand, 


(yi 2)^9 , Xi Xi Y ^ ) E-k^P 


X k X k 


k =1 


m 
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n , PI 

(n - 1) £ , £ ^ 




k =1 


f I 9^£i f _ \ ' _ ^ > x k C 

J ,XiXi t 4 J lXi c-i/.c-k J ,x k - 

Y k=l V 


Ric gp (Y i ,Y j ) = A F g F (Yi,Yj) 
m,Yj) = PgpiYuYj) 

A gf = 7 ELi £*/,**** - 7 - 2)y> ELi £ k<p,xj,x k 
. flf(V/,v/) = ELi £ kf 2 Xk 

Substituting (1211) in the third equation of (1251) . we have 


(30) 


(31) 


RiCj(Y,, Yj) = 'i ij g F (Y i , Yj) (32) 

where, 

n n n 

lij = A F- fp> 2 x k x k + {n - -2).fp X! £ kP>,x k f,x k - (m- l)(f 2 Y, £ kfl k : 

k=l k= 1 /c=l 

We want to find h satisfying 


Ric § (X, Y) + Hess §{h){X, Y) = pg(X , F),VX, F e X(M\ (33) 

On the other hand, since h : M n —> M, we have that 


Hess~(h)(Xi, Xj) = HesSg(h)(Xi, Xj),y 1 <i,j<n 
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(34) 


i.e., 


Hess~(h)(Xi, Xj) 


Hess~(h) (Xi, Xj) 


h, XiXj + ^-h iXi + — h jXj , V i ± j = 1... n 

J (p if 

71 

-h, 


7 CC ’ 7 V 

h XiXi T 2 h.Xi £ i / , £ k~ ' v ,x k - 

V k =1 


By substituting (143)) and the first equation of (1341) into (1331) . we obtain ((2]). Again replacing 
(13U|) and the second equation of (134)) into (133)) we get (J3)). Now for X t G /^(R™) and 
Yj G £(F) (1 < i < n and 1 < j < m) we get 


Hess~(h)(X l ,Y J ) = 0 

by Theorem ll.il In this case the equation (133)) is trivially satisfied. Taking Yj, Yj G C(F) 
with 1 < i,j < m by using the equation (143)) we have: 

KesSg(h)(Yi, Yj) = g -^^l ~g{Y i ,Y j ) = f gradgh{f)g F (Y h Yj) 

but, 

n 

gradgh(f) = g(grad 9B h, grad gB f) = p 2 Y £ kf,x k h, Xk 

k =1 

Then we have, 

n 

Hess s (h)(Y u Yj) = fp 2 Y, £ kf,x k h, Xk g F (Yi, Yj). (35) 

k =1 

By substituting (134)) and (133)) into (1331) we obtain (j4J) 

The reciprocal of this theorem can be easily verified. In the case rn — 1 just remember 
that 


Ric~(Xi , Xj) = RiCg(Xi , Xj) - jHesSgf(Xi, Xj), Vi, j = 1,... n 
Ricj(Xi,Y) = 0, V i = 1,.. .n 
Ric~{Y,Y) = -~g(Y,Y)^jt. 

In this case the equation (J4]) and (j3|) remain the same and the equation fl4)) reduces to 

n n 7i 

~~V £ kf,x k x k + (n — 2)ip £ kf,x k Y,x k + <p £ kf,x k h,x k = pf. 

k =1 k =1 k =1 

This concludes the proof Theorem 11.21 

□ 

Proof of Theorem 1.3 Assume initially that m > 1. Let ~g = (p~ 2 g be a conformal metric 

71 

of g. We are assuming that </?(£), /(£) and h(£) are functions of £, where C, = &iXi, 

i= 1 
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ati G M and Yi £ i a i = £i 0 or Yi £ i a i — 0. Hence, we have 


P,Xi P ®», P,XiXj P OLiOLj, 

f,Xi h ttj, f,XiXj f OliCXj, 


and 


h x . — h'oii, h XiX . = h"OLiOt 


j • 


Substituting these expressions into ([2]), we get 


(n — 2)ftp"aiaj + f<ph"oiiOij — rrupf'otiOtj — 2 rrup' fa^aj + 2 fp'h! = 0, V i j. 

If there exist i ^ j such that 0, then this equation reduces to 

(n — 2 )fp" + fph" — rrupf" — 2nup' f + 2 ftp'll' = 0 (36) 

Similarly, considering equation ((21), we get 

o$<P [(« - 2 )f<p" + ftph" - rrupf" - 2rrup'f + 2 ftp'hf] + 

£ i Yk £ kCtl [fpp" ~ (n - 1 )fip') 2 + rruptp'f - fpp'b!) = £ipf. 

Due to the relation between ip", f" and h" given in (j25D , the equation (1271) reduces to 


J2 £ k a l \fPP" -iji- 1 )f(p') 2 + rruptp'f - fpp'h' 1 = pf. 


Analogously to equation (J3D reduces to 


(38) 


J2 £ ^l 


-fp 2 f" + in 


2 )fpp'f 


(m - 1 )p 2 f 2 + fp 2 fh' 


P-f 2 - \f 


(39) 


k 

Therefore, if Yk £ kCr\ = £ i 0 , we obtain the equations of the system ((2]). If Yk £ kCrf = 0, 
we have (126]) satisfied and (1221) implies p — 0, hence = 0 i.e., ((2]) holds. 

If for all i f j, we have cqay = 0, then £ — x io , and equation ((2]) is trivially satisfied 
for all i f j. Considering (J2J) for i f i 0 , we get 


X £ ku\\fpp" - in- 1 )fp' 2 + rruptp'f' - ftptp'h'] = pf 

k =1 


and hence, the second equation of ((2]) is satisfied. Considering i — i 0 in (J3J) we get that 
the first equation of (J2D is satisfied. 

Considering i = i 0 or i f i 0 in ((ID, we get that the third equation ([2D is satisfied. 
When rn — 1 the first and the second equation of the system ((2D are the same, and 
the third equation reduces to 
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H Zka 2 k [-(p 2 f" + (n - 2)(fxp'f + (p 2 f'h '] = Pf. 

k =i 


This concludes the proof Theorem 1.3. 


□ 


In order to prove Theorems 1.4 and 1.5, we consider functions </?(£),/(£) and h(£), 

n n 

where £ = ^ cqXj, a.i G M, ^£* 0 ^ = ±1. It follows from Theorem 1.3 that g = ~g + f 2 gF 

i =1 i=l 

is a steady gradient Ricci soliton with Ricci-flat F and h as potential function if, and only 
if, Lp 1 f and h satisfy 


(n - 2)— + h" - m— - 2m—— + 2^-h! = 0, 

<P / <P J <P 

v" , , <p'f h , n 

- In — 1) — + m --- h = 0 

<P \<Pj V J V 

f", 0 yr f n 

-y + (n- 2 )-y-(m-l) lyl +? h= 0 . 


(40) 


i.e., 


■( B - 2 )g)' + („-2)(J) ! 


+ h" -m I j 


/'Y 


'f 


<p'f 


m ( 7 I - 2m— J — + 2 —h' = 0 , 

V// V f <P 


vy_ (n _ 2) ^) 2 +ro ^_^.o 

, W \<pj v j v 


Then, it follows from the second equation of (|41|) that 


& , . /' 






on the other hand, by using the third equation of (PITT) we have 

'/'y 


ti_y / « 

ti = ^7 -(n - 2 )— + m—, 

j <P J 


hence substituting equation 


into 442]) . we get 

(£)' (ft' 


<£. 


IL 

f 


Integrating the equation (ITU) we obtain: 


m' f 

- = k J -, k> 0 . 
/ 


(41) 


(42) 


(43) 


(44) 


( 45 ) 
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Substituting (ITHjl in the system (Thill , we get 


r 

f 

n] 

Considering 

®(0 = (/ 7/)(0 and y = h' + [{n - 2)k - m]j 

the system of equations (HU is equivalent to 

y' — [m + ( n — 2 )k 2 ]x 2 — 2 kxy 
x' — xy ■ 

It follows from (H5jl that 

xydy — {[m + (n — 2 )k 2 ]x 2 — 2 kxy}dx = 0- 
In order to study this equation (see e.g. ra p. 37), we take 


h" + [(n — 2 )k — m] 

(jj = [(« - 2 )k - 



Z pf 

(n - 2)l:‘) i-J - 2hjh' 



y(0 =x(£ )z(0- 


(46) 


(47) 


(48) 


(49) 


(50) 


Theorem 1.4 and 1.5 are obtained by considering z to be a non zero constant and a 
nonconstant function, respectively. 

Proof of Theorem 1.4. We consider solutions of the system (14811 . as in (j5UD where 
z(£) = N and N is a nonzero constant, i.e., y(£) = Nx(£). By substituting y in the first 
and second equations of (H8jl . we get 

, m + (n — 2 )k 2 — 2 kN 9 
X =-^ 


and 


x = Nx 2 


respectively. Comparing the two expressions we conclude that N must satisfy 


N 2 + 2kN — (■m + (n — 2)k 2 ) = 0- 


Therefore, we get two values of N, given by 

N± = —k ± \Jm+ (n — 1 )k 2 - 


(51) 
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Going back to the second equation, we have that 


x 




N±- 


Hence we have 


®±(0 = 


-1 


N±£ + b 


and 


V ±(0 = 


—N- 


± 


N±£ + b 


m' f f 

From (jT5j) and (TX7T) we have — = k J —, #(£) = (/'//)(£) and y — h + [{n — 2 )k — m\ —, 

P J J 

hence we get cp, f and h given by (JTj). 

This concludes the proof Theorem 1.4. 


□ 


Proof of Theorem 1.5. We now consider solutions of the system (|48jl . where y(£) = 
X (0 Z (0 an d z (€) is a smooth nonconstant function. Substituting y into flUlj) and assum¬ 
ing, without loss of generality, i^Oon an open subset, we get 


dx 

x 


z 

z 2 + 2 kz — m — (n 



(52) 


Integrating this equation, we get x in terms of z as given by equation flHD- Since y = xz, 
it follows from the first equation of (|48|) that 


x'z + xz' = [m + (n — 2 )k 2 ]x 2 — 2 kx 2 z, 


and second equation of (ITSjl that 

x' = x 2 z- 

Hence we get, 

z 1 = x[m + (n — 2 )k 2 — 2 kz — z 2 ]. (53) 

Substituting the equation (JBD into (ESP , we conclude that z must satisfy the differential 
equation (E]). Now a straight forward computation shows that both equations of (PIH1) are 
satisfied. Since we have determined z(£) and #(£), we can obtain </?(£),/(£) and /i(£) 
integrating m- 

This concludes the proof Theorem 1.5. 

□ 

Proof of Theorem 1.6. When p = Xp = 0, by introducing the auxiliary functions 

£ K) = * / 1 <«■ / (f > = x(f 11 aild ft ' K) = we)+m ~ k[n - 2)We) ’ we have see11 that ® 
is equivalent to the system (jTSj) for x and y. The solutions of this system can be written 

as y{€) ~ x (Q z (Qj where z(£) is a nonzero function. 
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If z(£) is a non zero constant, then the proof of Theorem 1.4 shows that the solutions 
of (HHD are given by (j?[). If the function is not constant, then proof of Theorem 1.5 shows 
that z is determined by (JUJ) and x is given algebraically in terms of ^ by (jHD • Then one gets 
the functions f, f and the potential h by integrating the ordinary differential equations 
given by fjlOp . This concludes the proof Theorem 1.6. 

□ 

Proof of Theorem 1.7. Let (M n , g) be a pseudo-Euclidean space, n > 3 with coordinates 
x — (xi, ■ ■ ■ , x n ) and = S^Ei. Consider M = (M n , g) x fF m a warped product where g = 
—g, F a semi-Riemannian manifold Ricci-flat. Let <p{£) and f(F) be any non-vanishing 

ip 2 

differentiable functions invariant by the translation of (n — l)-dimensional translation 

n n 

group, whose basic invariant is £ = where cq G I and ^£* 0 ^ = 0,. Then it 

2=1 2=1 

follows from Theorem 1.3 that the warped product metric g = ~g + f 2 gF is a gradient 
Ricci soliton with h as a potential if, and only if, p — 0 and h satisfies the linear ordinary 
differential equation (JHD determined by ip and /. Then is easy to see that 


h'(0 = f 


-2 


r f' f 

/ {m—f 2 + 2 mff'— - (n - 2 )ipip")d£ + c 4 


jf 


f 


f 


and hence is given by (1111) 

This concludes the proof Theorem 1.7. 

□ 
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